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A permutation C$ of a group is a complete mapping if x(x$) = y(y~$) implies x = y. This concept was introduced by H. B. Mann [8] in 1942 in connection with the construction of orthogonal Latin squares. Applications to finite nets and to neotields were given by Bruck [l] and Paige [9] , and the concept naturally arises in schemes for encoding numbers to detect errors (see [6] ). M. Hall and Paige [7] showed that a necessary condition for a finite group of even order to have a complete mapping is that its Sylow 2-subgroup be non-cyclic and that this condition is sufficient for solvable groups. (For groups of odd order the identity mapping is a complete mapping. )
In this paper we introduce a method of sequencing the elements of a finite group that gives rise to complete mapping of the group. Our delinition was motivated by the concept of a harmonious graph invented by Graham and Sloane [S] . Our concept has several connections to graph theory and as an application we complete the characterization of elegant cycles begun by Chang, Hsu, and Rogers [2] . Our definitions are also variations of the notion of an R-sequenceable group first introduced by Ringel in his solution of the map coloring problem for all compact 2-dimensional manifolds except the sphere [lo] and expanded upon by Friedlander, Gordon, and Miller [3] .
DEFINITIONS AND NOTATION
Let G be a finite group. We say G is harmonious if the elements of G can be listed g,, g2,..., g, so that G= (g,g,, g2g3,..., gn-lgny gngll. Analogously, letting GX denote the set of non-identity elements of G, we say G' is harmonious if there is a listing g,, g,, . . . . g, of the elements of G" such that G" = {g, g,, g, g,, . . . . g,-1 gn, g, g, }. In each case we call the list g,, g,, . . . . g, a harmonious sequence. We observe that G is harmonious if and only if G has a complete mapping which is also a IGI-cycle. For example, if g,, g,, . . . . g, is a harmonious sequence for G then g, --) g,, g2 -+ g3, '!73 --) g49 ...) g, + g, is a complete mapping of G. Conversely, if 4 is a complete mapping of G which is also a JGJ-cycle then e, e& eb2, . . . . 4 IGJ--I is a harmonious sequence for G (where e is the identity). We call such mappings harmonious.
For the purpose of comparison we give the following definitions. A connected graph with p vertices and q 2 p edges is harmonious if it is possible to label the vertices x with distinct elements f(x) of Z, (the group of integers modulo q) in such a way that, when each edge xy is labeled with (f(x) +f(y)) modulo q, the resulting edge labels are distinct. A group G is R-sequenceable if there is a listing g,, g,, . . . . g, of the elements of G# such thatG"={g;1g2,g;'g3,...,g~~1gn,gn1gl}.
Harmonious groups can be given a graph-theoretic interpretation as follows. Let G be a finite group of order n and let K, be the complete symmetric digraph with n vertices. Label the vertices with the elements of G and label the edge joining gi to gj with gig,. Then the existence of a harmonious labeling for G is equivalent to the existence of a hamiltonian circuit in K, such that each element of G occurs exactly once as an edge in the circuit. An analogous interpretation exists for G".
We use I to denote the identity permutation; g" = x-'gx; Syl,(G) is the set of all Sylow 2-subgroups of G; D,, = (a, b 1 u" = b2 = e, ub = a-' ) (the dihedral group of order 2n); Q,= (a, blu2"= b4=e, b2=u", ~~=a-') (the quaternion group of order 4n); G' is the commutator subgroup of G; Aut(G) is the automorphism group of G; Inn(G) is the inner automorphism group of G; Out(G) = Aut(G)/Inn(G).
All other notation is standard.
NON-HARMONIOUS GROUPS
In this section we give several classes of groups that are not harmonious. We begin with a necessary condition for groups to possess complete mappings. THEOREM 3.1 (Paige [9] ).
Let G be a group and g,, g,, . . . . g, be a harmonious sequence for G or G#. Then the product g, g, . . . g, must be in the commutator subgroup of G. We remark that all groups of order 2k where k is odd satisfy the hypothesis of Corollary 3.2. In [2] , Chang, Hsu, and Rogers defined a graph with q edges to be elegant if it is possible to label the vertices with distinct integers from 0 to q in such a way that when each edge xy is assigned the integer (x + y) modulo (q + l), the resulting edge labels are 1, . . . . q. Theorem 9 of their paper gave a partial characterization of the cycles that are elegant. Our Theorem 4.1 completes the characterization. In particular, our harmonious labeling of Z 4#k + 3 gives an elegant labeling of the cycle with 4k + 2 vertices that Chang, Hsu, and Rogers did only when 4k + 3 is prime. Our harmonious labeling of Zg + i also gives a new elegant labeling of the cycle with 4k vertices.
As immediate consequences of Theorems 4.1, 4.2, and the fundamental theorem of finite Abelian groups, we have the following. Then there is a k in the coset K, K2 . . . K,, that centralizes H in the following circumstances:
(iv) Every element of K' contains a k which centralizes H.
Proof First note that each of conditions (i) and (ii) implies (iii), so we assume (iii) holds. Let tI be the canonical homomorphism from G to Am(H).
Since HO ... is not harmonious when n is odd. Also, no harmonious sequence exists for Q2 (by computer search), but one does exist for Q4. For Q,,, where n is odd, no harmonious sequence exists by Corollary 3.2.
HARMONIOUS ABELIAN GROUPS
In this section we completely characterize the finite Abelian groups that are harmonious. LEMMA 6.1. The group Z, x Z, is harmonious if and only if m is even and greater than 2.
ProojI Theorem 3.3 shows that Z, x Z, is not harmonious. That Z, x Z, is not harmonious when m is odd follows from Corollary 3.2. For m even and greater than 2 we consider two cases. (For n > 1, the products of consecutive terms are (in order) .a., abhn-(3k+l+Lvc, bh,-(w+z,h,-pc+l,, ~hn-(,,+3,h,-(,,+,,~ .--, bh3h4, bh,h,; abh,h,, ah,h,, abh,h,.
If IHI = 5, Gr Z, x Z,,, which is harmonious by Lemma 6.1. 1 LEMMA 6.3. If G is an Abelian 2-group and G is neither cyclic nor elementary, then G is harmonious.
Proof The proof will proceed by induction on n, where IG( = 2". There is no such G for n<3. For n=3 or 4, GzZ2xZ4, GrZ,xZ,, GE Z, x Z,, or G 2 Z, x Z, x Z,. Harmonious sequences for the first two cases are given in the proof of Lemma 6.1. A harmonious sequence for Z, x Z, z (a, bIa4=b4=e, ab=ba) is a, a3, a3b3, ab3, a2b2, b2, b3, a2b3, a3b, ab2, e, ab, a2b, a3b2, b, a2. A harmonious sequence for Z, x Z, x Z, E (a, b, cla2 = b2 = c4 =e, ab= ba, ac= ca, bc= cb) is ac3, ab, bc, c3, abc2, a, b, bc2, abc, abc3, e, c, ac, ac', c2, bc3.
For n > 4, by the induction hypothesis all non-cyclic, non-elementary Abelian 2-groups of order 2"-2 are harmonious. Since G is non-cyclic, it must be an extension of Z, x Z,. Assume G is an extension of Z, x Z, by the cyclic group Zan-z. Then either G r Z, x Z2"-,, which is harmonious by Lemma6.1, or GzZ, xZ, xZ2"-2, which is an extension of Z2xZ2 by Z, x Z2"-3, also harmonious by Lemma 6.1, in which case G is harmonious by Lemma 6.2.
Assume now that G is an extension of Z, x Z2 by the elementary group (Z2)"-2. Since G is not elementary, Gz (Z2)n-2 x Z, or Gz (Z2)n-4 x Z, x Z, and these are extensions of Z, x Z2 by (Z,)"-" x Z, and (Z2)n-5 x Z, x Z,, respectively, which are both harmonious by the induction hypothesis. Again, G is harmonious by Lemma 6.2.
Finally, if G is an extension of Z, x Z, by a non-cyclic, non-elementary 2-group, G is harmonious by the induction hypothesis and Lemma 6.2. 1 LEMMA 6.4. rf an Abelian group G is an extension of Z, x Z, x Z, by a harmonious group H, then G is harmonious.
Proof. Since H is harmonious, there exists a harmonious sequence K A harmonious sequence for (Z, x Z,) # is ab, a2, a2b, b2, a2b2, a, ab2, 6. 1 THEOREM 7.6. Suppose K is a group of odd order and H is a harmoniously-matched group. Then (H x K) # is harmoniously-matched.
Proof: By Theorem 5.5, K is harmonious. Then applying Remark 7.2 to the sequence given in the proof of Lemma 4.5 we may obtain harmoniously-matched sequences beginning with (h2, k,) and ending with (h,> k2). I COROLLARY 7.7. All Abelian groups of odd order are harmoniouslymatched except Z,.
Proof For elementary Abelian 3-groups, the result follows from Theorem 7.5 and Theorem 7.6. Otherwise, the result follows from Theorem 7.3 and Theorem 7.6. l Proox The proof is analogous to the proof of Lemma 7.8, with the harmonious sequence constructed in Lemma 6.4 used in place of that constructed in Lemma 6.2. 1 THEOREM 7.11. If G is Abelian and has an elementary, non-cyclic SyZow 2-subgroup, and G is not a 2-group, then G is harmoniously-matched.
Proof G z (Z,)" x H, IHI odd. If H is not isomorphic to Z, or n > 3, then the proof is analogous to the proof of Lemma 6.5. Otherwise, G is either (Z,)' x Z, 2 Z2 x Z,, which is done in Theorem 7.4, or (Z2)3 x Z, z Z,xZ,xZ,z (a, b, cIa2=b2=c6=e, ab=ba, ac=ca, bc=cb), which has the harmonious sequences ab, c, ac', c3, c2, c4, e, bc4, ci, abc3, bc2, ac4, ac3, bc, ac2, bc3, bc', abc4, b, abc, abc2, a, abc', ac and ab, b, ac', bc, c, c2, bc', abcs, bc5, ac3, abc2, abc3, abc, ac2, a, bc4, bc3, c3, abc4, c5, ac4, c4, ac.
The proof for (Z,)" x Z,, n > 3, can proceed as in the general case. m
